Nonhomogeneous Linear Equations CH3

Nonhomogeneous Linear Equations

THEOREM 7 The general solution y = y(x) to the nonhomogeneous differen-
tial equation (1) has the form

Y=Yt ¥p

where the complementary solution y. is the general solution to the associated
homogeneous equation (2) and y,, is any particular solution to the nonhomoge-
neous equation (1).

== The Method of Undetermined Coefficients

We first illustrate the method of undetermined coefficients for the equation
ay" + by’ + ¢y = G(x)

where G(x) is a polynomial. It is reasonable to guess that there is a particular solution
¥, that is a polynomial of the same degree as G because if y is a polynomial, then
ay” + by' + cyisalso a polynomial. We therefore substitute y,(x) = a polynomial (of the
same degree as G) into the differential equation and determine the coefficients.

EXAMPLE 1 Solve the equation y” + y’ — 2y = x°.
SOLUTION The auxiliary equation of y" + y" — 2y = 0 is

rP+r—2=@-1Dr+2=0

with roots r = 1, —2. So the solution of the complementary equation is
ye = cre* + c2e” >
Since G(x) = x? is a polynomial of degree 2, we seek a particular solution of the form

yp(.t) = sz Fe

Then y, = 2Ax + B and y; = 2A so, substituting into the given differential equation, we
have
(24) + (2Ax + B) — 2(Ax* + Bx + C) = x*

or —2Ax* + (2A— 2B)x +(2A + B - 2C) = x*
Polynomials are equal when their coefficients are equal. Thus
—=24:= 1 2A=2B=4 2A %+ B—2€=0

The solution of this system of equations is

1 3
A=—, B=—, c=—;
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A particular solution is therefore

and, by Theorem 3, the general solution is

2 | 3

I
T 2X T X Ty ER

~2%

Yy =Y+ yp=cre* + cze

If G(x) (the right side of Equation 1) is of the form Ce**, where C and k are constants,
then we take as a trial solution a function of the same form, y,(x) = Ae**, because the
derivatives of e** are constant multiples of e**.

EXAMPLE 2 Solve y” + 4y = ¢’

SOLUTION The auxiliary equation is r* + 4 = 0 with roots =2i, so the solution of the
complementary equation is

Ye(x) = ¢;cos 2x + ¢, 8in 2x

For a particular solution we try y,(x) = Ae™. Then y, = 3A¢™ and y, = 9Ae™. Substi-
tuting into the differential equation, we have

9Ae™ + 4(Ae™) = e™

50 13Ae™ = ¢ and A = 5. Thus, a particular solution is

yolx) = fse*

and the general solution is
y(x) = ¢, cos 2x + ¢, 8in 2x + 5> B
If G(x) 1s either C cos kx or Csin kx, then, because of the rules for differentiating the

sine and cosine functions, we take as a trial particular solution a function of the form

vp(x) = A cos kx + Bsin kx
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EXAMPLE 3 Solve y" + y' — 2y = sin x.

SOLUTION We try a particular solution
Vp(x) = Acos x + Bsinx

Then yp = —Asinx + Bcos x y, = —Acosx — Bsinx
so substitution in the differential equation gives

(—Acosx — Bsinx) + (—Asinx + Bcos x) — 2(Acos x + Bsin x) = sin x
or (—=3A + B)cosx + (—A — 3B)sinx = sin x
This is true if

—3A+B=0 and —A—3B=1

The solution of this system is

so a particular solution is
1 5 s
Yp(X) = —jgcosx — jgsSinx
In Example 1 we determined that the solution of the complementary equation is
ye = cie” + cye ™. Thus, the general solution of the given equation is
y(x) = cie” + c;e™™ — j5(cos x + 3sin x) EE

If G(x) is a product of functions of the preceding types, then we take the trial solu-
tion to be a product of functions of the same type. For instance, in solving the differential
equation

y' + 2y' + 4y = xcos 3x
we would try

Yp(x) = (Ax + B)cos 3x + (Cx + D)sin 3x

If G(x) is a sum of functions of these types, we use the easily verified principle of super-
position, which says that if y, and y,, are solutions of

ay" + by + cy = Gi(x) ay" + by + cy = Gi(x)
respectively, then y, + y,, is a solution of

a_\-'" = by" - cy = G|(.¥) + Gl(x)
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EXAMPLE 4 Solve y" — 4y = xe* + cos 2x.

SOLUTION The auxiliary equation is r* — 4 = 0 with roots +2, so the solution of the com-
plementary equation is y.(x) = ce™ + c,e . For the equation y" — 4y = xe* we try

yp(x) = (Ax + B)e*

Then y, = (Ax + A + B)e", y,, = (Ax + 2A + B)e", so substitution in the equation
gives

(Ax + 2A + B)e* — 4(Ax + B)e* = xe*

or (—=3Ax + 2A — 3B)e* = xe*

Thus, —3A = l and 2A — 3B =0,50A = —1, B = —:, and

Je*

X —

Lol | =
L=11

¥, (%) = (—

For the equation y” — 4y = cos 2x, we try

Yp,(x) = Ccos 2x + D sin 2x
Substitution gives
—4Ccos 2x — 4D sin 2x — 4(Ccos 2x + Dsin 2x) = cos 2x
or —8Ccos 2x — 8D sin 2x = cos 2x
Therefore, —8C = 1, —8D = 0, and
Vp(x) = — 4 cos 2x

By the superposition principle, the general solution is

. _ 1 2 - |
Y=Yt ¥ t+ V.= e + ce ™ — (;.\' + ;)e" — g COS 2% Em

Finally we note that the recommended trial solution y, sometimes turns out to be a solu-
tion of the complementary equation and therefore can’t be a solution of the nonhomoge-
neous equation. In such cases we multiply the recommended trial solution by x (or by x*
if necessary) so that no term in y,(x) is a solution of the complementary equation.
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EXAMPLE 5 Solve y” + y = sin x.

SOLUTION The auxiliary equation is r* + 1 = 0 with roots *i, so the solution of the com-
plementary equation is

ye(x) = cos x + ¢;sin x

Ordinarily, we would use the trial solution
yp(x) = Acos x + Bsin x
but we observe that it is a solution of the complementary equation, so instead we try

yp(x) = Axcos x + Bxsin x

Then yp(x) = Acos x — Axsin x + Bsin x + Bxcos x

"

¥p(x) = —2Asin x — Axcos x + 2Bcos x — Bxsin x
Substitution in the differential equation gives
Y + ¥ = —2Asinx + 2Bcos x = sin x
SOA = —%,B = 0, and
yp(x) = —3xcos x
The general solution is
y(x) = ¢1cos x + ¢>8in x — 3xCOS X EE

We summarize the method of undetermined coefficients as follows:

1. If G(x) = e“P(x), where P is a polynomial of degree n, then try y,(x) = ¢"Q(x),
where Q(x) is an nth-degree polynomial (whose coefficients are determined by
substituting in the differential equation.)

2. If G(x) = €"P(x) cos mx or G(x) = ¢"*P(x) sin mx, where P is an nth-degree
polynomial, then try

y(x) = " Q(x) cos mx + €“R(x) sin mx

where Q and R are nth-degree polynomials.

Modification: If any term of y, is a solution of the complementary equation, multiply y,
by x (or by x? if necessary).
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EXAMPLE 6 Determine the form of the trial solution for the differential equation
y" — 4y’ + 13y = e** cos 3x.

SOLUTION Here G(x) has the form of part 2 of the summary, where k = 2, m = 3, and
P(x) = 1. So, at first glance, the form of the trial solution would be

yp(x) = €*(A cos 3x + B sin 3x)

But the auxiliary equation is r* — 4r + 13 = 0, with roots r = 2 * 3, so the solution
of the complementary equation is

v(x) = e*(c1 cos 3x + ¢ sin 3x)

This means that we have to multiply the suggested trial solution by x. So, instead, we
use

yp(x) = xe*(A cos 3x + B sin 3x) EE
r(z) Initial guess for y, (z)
k (a constant) A (a constant)
ar +b Ax + B (Note: The guess must include both terms evenif b =
2 i -
az® + bz + ¢ Aa: + Bx + C (Note: The guess must include all three terms
if b or ¢ are zero.)
Higher-order polynomials Polynomial of the same order as r(z)
ae)\:c Ae)“”

Acos Sz + Bsin Sz (Note: The guess must include both term:

atosfz +hsnfz even if eithera = 0 orb = 0.)

ae*®cos fr + be“*sin fx Ae**cos iz + Be**sin fz

(az® + bx +c) M (Az? + Bz +C) e™

(aze’® + a1 + ag) cos P (Ayz® + Az + Ag) cos Pz

+ (boz® + biz + bp) sin Bz + (B22® 4+ Byz + By) sinfz
(asa?® + a1 + ap) €**cos Bz (Asa® + Ay + Ay) e*®cos Bz

+ (boz? + by + by) e*“sin Bz + (B22? 4 Biz + By) e*sin Bz
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Variation of Parameters

Sometimes, r(a:) is not a combination of polynomials, exponentials, or sines and cosines. When this is tf
the method of undetermined coefficients does not work, and we have to use another approach to find a
particular solution to the differential equation. We use an approach called the method of variation of
parameters.

To simplify our calculations a little, we are going to divide the differential equation through by a, so we he
leading coefficient of 1. Then the differential equation has the form

¥+ oy +qy=r(z),

where p and g are constants.

If the general solution to the complementary equation is given by ¢ y1 (z) + a2 (), we are going to Ic
particular solution of the form y, () = u(2)y: (&) + v(x)y2 (). In this case, we use the two linearly
independent solutions to the complementary equation to form our particular solution. However, we are as
the coefficients are functions of x, rather than constants. We want to find functions u(x) and v(x) such 1
Yy, () satisfies the differential equation. We have

Yp = UYL T VY2

!

Yp' = u'yr +uy +'y + v’

e

B = (W +vy) +un Fun YR oy
Substituting into the differential equation, we obtain
Wt e =Wy +Yy) Hun +un T+ Yy oy
+p Uy +ug’ + 'y + v’ + qluy + vk

=uly"+pn' +anl+vlye "+ py + qu
'y + V) oWy V) + Wy + V).

Note that ; and y» are solutions to the complementary equation, so the first two terms are zero. Thus, v
W'y + V') +p Wy +v'w) + Wy’ + ") = r(@).

If we simplify this equation by imposing the additional condition w'y; + v'y2 = 0, the first two terms are
and this reduces to u'y;’ + v'ys’ = r(x). So, with this additional condition, we have a system of two ec
in two unknowns:

Uy +v'y = 0
iy + vy = r(z).

Solving this system gives us u' and ¢/, which we can integrate to find v and v.

Then, yp () = w(z)y (z) + v(x)y2 (x) is a particular solution to the differential equation. Solving this :
of equations is sometimes challenging, so let’s take this opportunity to review Cramer’s rule, which allow:
solve the system of equations using determinants.
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RULE: CRAMER’S RULE

The system of equations

a1z1 +bhze =
asz1 +bazs = 7o

has a unigue solution if and only if the determinant of the coefficients is not zero. In this case, the
solution is given by

r by a; T
re by as T
Z] T — and 29 T m—
ar b a; by
az by as by

Use Cramer's rule to solve the following system of equations.

22 +22 = 0
2 —3z%2, = 2z
[Show/Hide Solution]
Solution
We have
aifz) = =*
az(z) = 1
bi(z) = 22
b(z) = — 32
rifz) = 0
e = s
Then,
2
& b = ‘ & = 32 — 22
ay by 1 -3z
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b 0 2
T 1 = xz :0—4332:_4$2-
Ty be 2r —3x
Thus,
L b '
7= Ta bg _ —43)’2 _ 4
ar b —3z4 -2z 3z% 42
az by
In addition,
2
R = 2¢3 — 0 = 243
as To IRk,
Thus,
' a ™
=2 T2l _ 28 24 -
ay b]_ _3:1:4 — 2z 3:133 -+ 2
ay by
Home Work

Use Cramer’s rule to solve the following system of equations.

221 — 322 = 0
2z +4dzzy = z+1

PROBLEM-SOLVING STRATEGY

Problem-Solving Strategy: Method of Variation of Parameters

1. Solve the complementary equation and write down the general solution
ay (z) + ().
2. Use Cramer's rule or another suitable technique to find functions u’(x) and v'(z) satisfying

'y +vy = 0
vy +vy' = r(z).

3. Integrate ©’ and v’ to find w(z) and v(z). Then, yp(z) = w(x)y1 (x) + v(z)y (z) isa
particular solution to the equation.

4, Add the general solution to the complementary equation and the particular solution found in st
3 to obtain the general solution to the nonhomogeneous equation.
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EXAMPLE 7.16

Using the Method of Variation of Parameters

Find the general solution to the following differential equations.
ay' —2y —I—y:?—z
b.y" + y = 3sin’z

[Show/Hide Solution]

Solution

a. The complementary equation is 4" — 2y’ + 1 = 0 with associated general solution
cre! + eote!. Therefore, yy (t) = e and y» () = te'. Calculating the derivatives, we get
y'(t) = e’ and 4, (t) = €' + te' (step 1). Then, we want to find functions u'(£) and ¢/ (¢t
so that

u'et + v'tet

et + o (el +te')

Applying Cramer’s rule, we have

0 tet

€

t
el

t

el + te!

te!

et et +tet

Integrating, we get

uz—fldt: —In |¢|
1

1 1
= ft_zdt = —7 (step 3).

Then we have

Yp

—e'ln [t| — 1te!

—e'ln [t] — ef (step 4).
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The e’ term is a solution to the complementary equation, so we don’t need to carry that term
into our general solution explicitly. The general solution is

Y(t) = cie’ + cate’ — €'lnt| (step 5).

b. The complementary equation is ¥+ y = 0 with associated general solution
cicosx + cpsina. So, y; () = cosx and Y () = sinz (step 1). Then, we want to find
functions v/ (x) and ¢/ () such that

u'cosz +v'sine = 0

—u'sinz +vcosz = 3sin’z.

Applying Cramer’s rule, we have

0 sinx
; 3sin’z cosx 0 — 3sin’x . 3
u — = — z 2 = —3Sln :]:
cosz sinz cosz + sin“z
—sinx Ccosz
and
cosT 0

3sin’zcosz

1

; —sinz  3sin’z
v =

- = 3sin’z cosz (step 2).
cosz  sinz

—sinx cosx

Integrating first to find u, we get

U — /—3Sin'j:€dﬂ‘3 =-3 [—‘;sinzwcos:r —i—%/sin:::d:c] = sin’zcosz + 2cosz.

Now, we integrate to find v. Using substitution (with w = sinx), we get

T szin%coswdm = f3w2dw = w® = sin’z.

Then,

Up = (singa:cosm a3 2(:03:.9) COSTEE (sin%) sinz

2z cos?x + 2cos?z + sintz

= sin
= 2cos?z + sin’z (cos®z + sin’z) (step 4).
= 2cos?z + sin’z

= cos?z + 1

The general solution is

y(x) = cycosx + cysinz + 1 + cos’z (step 5).
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CHECKPOINT 7.14

Find the general solution to the following differential equations.

a.y ' +y=secz
b.z"—2z2 +2= e—;

Section 7.2 Exercises
Solve the following equations using the method of undetermined coefficients.
54.2y"" — 5y — 12y =6
55.3y"+y' —4y=28
56,y — 6y’ +5y—e©
5..y"+ 16y =e %
58.y" —dy==22+1

59.y" — 4y’ + 4y = 8z* + 4x

6.5 Cauchy-Euler Equation
b

One of the simplest linear variable coefficient differential equations is the homo-

Cauchy-Euler equation geneous second order Cauchy-Euler equation, whose standard form is

d%y dy
2 I _

The solution of this homogeneous equation can be reduced to a simple algebraic
problem by seeking a solution of the form

y(x) = Ax", (36)

where Ais an arbitrary constant, and the permissible values of m are to be deter-
mined.
Differentiating y(x) to obtain

dy 2.,

d—: =mAx™! and % = m(m — 1) Ax"? )

and substituting these expressions into the Cauchy—Euler equation gives the fol-
lowing quadratic equation for m:

m(m—1)4+aym+a = 0. (58)
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When this equation has two distinct real roots m = « and m = g, the general
solution of (55) is

y(x) = Cix® + Cox”, (59)
but if the two roots are real and equal with m = p, the general solution of (55) is
y(x) = Cix* + Gx* In |x|, (60)

where C; and (; are arbitrary real constants.
If the equation for m has the complex conjugate roots m = « =+ i, substitution
confirms that the general solution of (55) is

v(x) = Cix* cos(B In |x|) + Cox*sin(B In |x]). (61)

The second solution x*1In|x| in (60) can be obtained from the method of
Section 6.7 by using the known solution yj(x) = x* to find a second linearly in-
dependent solution y;(x). The form of solution (61) follows from writing the gen-
eral solution as y(x) = Aexp(a +ip) + Bexp(a — iff), with A an arbitrary complex
constant and B its compiex conjugate so that y(x) is real.

EXAMPLE 6.16 Find the general solution of

d’y  , dy
xzrr-;+3_\-d_::‘+2y=0 for x # 0.

Solution The equation for m is
mm—1)+3m+2=0,
with the roots m = —1 %+ i. The general solution is thus

y(x) = Clx_lcos(ln [x]) + Cox'sin (In 1))

Example
Solve differential equation z2y"” — 3y’ + 4y = 0 with initial values y(1) = 1 andy'(1) = 2.
We assume that the solution is in the form y(z) = ™. Then

y(z) = 2™,
yl(x) mmm—l,

y'(z) = m(m - 1)z
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Let us use the solution within given differential equation:

2 -mm—1)z"? -3z -mz™ ' +4.2™ = 0

2™ ((m* —m)—3m+4) = 0
c™(m?> —4m +4) = 0
m = {2,2}

The solution of differential equation is

yulz) = c1z? + oz’ log x.

In order to find values of ¢; and ¢y according to initial values, we need also y.:

1
ye(z) = 2c1z + 2coxlogx + coxt— =
T
= 2c1x + 2caxlogx + cox.

Fory(1) = 1andy’(1) = 2 we get from (1) and (2) ¢1 = 1, ¢ = 0. The solution is then

yx)=n".

Example
Solve differential equation z2y" — 2zy’ + 2y =3, = >0

Because the differential equation is in the form of Cauchy-Euler DE we assume that the solution is in the form of y(z) = ™. Then

y(e) = 2,
y'(z) = ma™",
y"(z) = m(m —1)z™ %

Let us use the solution within associated homogeneous differential equation to obtain complementary function yc(a:):

2

2 - mm—-1)z™ % -2z-mz™ ' +2.2™ = 0
z"(m(m—-1)—2m+2) = 0
g"(m? —3m+2) =0
z"(m—-2)(m—-1) = 0
m = {1,2}

The complementary function yc(w) (i.e. the solution of associated homogeneous differential equation) is

ve(z) = a1z + caz’.

Lecturer Prof. Dr. Ahmed H. Flayyih/ Science college / The University of Thi-Qar 50



Nonhomogeneous Linear Equations CH3

Example
Solve differential equation z2y" + 4zy’ — 4y = 3
First, let us solve associated homogeneous DE z%y"” + 42y’ — 4y = 0 for ., then particular solution ¥/p.
We expect the solution in a form of y = 2™, theny’ = ma™ 1, y" = m(m — 1)z™ 2,
2 m(m —1)z™ 2 4 dema™ ' —42™ =0
z"[m(m —1)+4m —4]=0
g™ (m? +3m —4)=0 = m={-4,1}

The complementary function is y, = cjx + 02:1:’4 and particular solution y, = A has to be determined and it is pretty obvious that

A = —3/4 (testyourself that y,, = —3 /4 satisfies given DE).

3
y:clz+02z_4 - Z

Find the general solution: z2y" + 5zy’ + 12y = 0

Solution

As with the constant coefficient equations, we begin by writing down the characteristic equation. Doing a simple
computation,

0=r(r—1)+5r+12

=r +4r+12
= (r+2)2 +8,
—8 = (r+2)%,
one determines the roots are 7 = —2 % 24/2i. Therefore, the general solution is

y(z) = [c1 cos(2v/21n [z]) + ¢, sin(2y/21n |z|)] z 2
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Find the general solution: z2y" + 5zy’ + 12y = 0

Solution
As with the constant coefficient equations, we begin by writing down the characteristic equation. Doing a simple
computation,
0=r(r—1)+5r+12
=7 +4r+12
=(r+2)2+8,
-8=(r+2)",

one determines the roots are r = —2 =+ 24/2i. Therefore, the general solution is

y(z) = [c1 cos(2v/21n [z]) + ¢z sin(2y/21n |z])] z 2

Deriving the solution for Case 2 for the Cauchy-Euler equations works in the same way as the second for constant
coefficient equations, but it is a bit messier. First note that for the real root, 7 = ry, the characteristic equation has to

factor as (r — r;)* = 0. Expanding, we have

—2rmr+12=0

0=y(1)=a
Thus, we have so far that y(t) = ¢, In [¢[¢ 1.
Now, using the second condition and
y'(t) = co(1—In|t])t~?
we have
1=y(1)=c,
Therefore, the solution of the initial value problem is y(t) = In [¢]t 1.

We now turn to the case of complex conjugate roots, 7 = a + i3. When dealing with the Cauchy-Euler equations, we have
solutions of the form y(z) = "%, The key to obtaining real solutions is to first rewrite ¥ :

¥ = elnx” — eylnz

Thus, a power can be written as an exponential and the solution can be written as
y(z) = 220 = geene >0
For complex conjugate roots, 7 = « + i3, the general solution takes the form y(z) = z® (¢; cos(B81n|z|) + ¢2 sin(B1n|z]))
Recalling that
e = cos(BIn |z|) + isin(BIn |z|),

we can now find two real, linearly independent solutions, z cos(81n |z|) and z® sin(S1n |z|) following the same steps as
earlier for the constant coefficient case. This gives the general solution as

y(z) = = (e cos(BIn [z]) + ¢z sin(B1n [z]))
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Solve: z?y" — zy' + 5y = 0.

Solution
The characteristic equation takes the form
r(r—1)—r+5=0
or
”—2r+5=0

The roots of this equation are complex, T2 = 1+2i. Therefore, the general solution
y(z) = z (c1 cos(21n |z|) + c2 sin(21n |z|)).

e three cases are summarized below.

1. Real, distinct roots r1, ro. In this case the solutions corresponding to each root are linearly independent. Therefore,
the general solution is simply
y(z) = 1™ + cpz™.

2. Real, equal roots 7y = 73 = 7. In this case the solutions corresponding to each root are linearly dependent. To find a
second linearly independent solution, one uses the Method of Reduction of Order. This gives the second solution as
z" In |z|. Therefore, the general solution is found as

y(@) = (e + c;Infz|) 2"

3. Complex conjugate roots ry, 72 = a % if3. In this case the solutions corresponding to each root are linearly
independent. These complex exponentials can be rewritten in terms of trigonometric functions. Namely, one has
that z* cos(B1n |z|) and z® sin(B1n |z|) are two linearly independent solutions. Therefore, the general solution
becomes

y(x) = % (c; cos(Bln |z|) + c2 sin(Bln |z])) .

Nonhomogeneous Cauchy-Euler Equations

We can also solve some nonhomogeneous Cauchy-Euler equations using the Method of Undetermined Coefficients or the
Method of Variation of Parameters. We will demonstrate this with a couple of examples.

Find the solution of z%y" — zy’ — 3y = 2z

Solution

First we find the solution of the homogeneous equation. The characteristic equation is r? — 2r — 3 = 0. So, the roots are

r = —1,3 and the solution is y;, (z) = c;z * + cox®.

We next need a particular solution. Let’s guess y,(z) = Az”. Inserting the guess into the nonhomogeneous differential
equation, we have

21_2 = I2yll _ JIyI _ 3y = 212
= 24z% — 242% — 3A2”
= —342°

So, A = —2/3. Therefore, the general solution of the problem is
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y(z) = izt + cpx® — =2?

Find the solution of z2y" — xy’ — 3y = 2z3.

Solution

In this case the nonhomogeneous term is a solution of the homogeneous problem, which we solved in the last example.
So, we will need a modification of the method. We have a problem of the form

ax?y" + bry' + cu— dp”
ar®y” +bry +cy—=dzx

where 7 is a solution of ar(r — 1) + br + ¢ = 0. Let’s guess a solution of the form y = Az" In . Then one finds that the
differential equation reduces to Az"(2ar — a + b) = dz". [You should verify this for yourself.]

With this in mind, we can now solve the problem at hand. Let 4, = Az® Inz. Inserting into the equation, we obtain
4Az® = 223, or A = 1/2. The general solution of the problem can now be written as

1
y(z) =zl + eez® + E:v:‘ Inz

Find the solution of z%y” — zy’ — 3y = 2z using Variation of Parameters.

Solution

As noted in the previous examples, the solution of the homogeneous problem has two linearly independent solutions,
yi1(z) = z ! and y2(z) = z*. Assuming a particular solution of the form y,(z) = c1(z)y1(z) + c2(z)y2(z), we need to

solve the system 2.4.25:

¢ (z)z™! +cy(z)a® =0
2 3
—c(z)z~2 + 3¢, (x)x? = 2 2.
z2
From the first equation of the system we have ¢|(z) = —a*c}(z). Substituting this into the second equation gives

1 1 1
cy(z) = —. So, c2() = Eln |z| and, therefore, ¢; (z) = §m4. The particular solution is

2x
Lg 14
(@) = a(@)n (@) + e (2)y(2) = go° + 52" Inz|
Adding this to the homogeneous solution, we obtain the same solution as in the last example using the Method of
1
Undetermined Coefficients. However, since —z3 is a solution of the homogeneous problem, it can be absorbed into the

8
first terms, leaving

1
y(z) = az !+ ez + 523 Inz
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